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Some criteria of existence of a sector for a system of equations of perturbed motion are
cited, These criteria are then used as a basis for deriving several new theorems falling
within the context of the second method of Liapunov,

Let us consider the system of differential equations

drg / dt = fs (¢, zy, ..., %) (s==1,2,..., n) (1)
whose right sides are continuous in the domain
B >0, [laf=Vait.. fai< A
and f, (¢, 0, O, ..., 0) = 0.

We shall use the symbols «;, ..., @, to denote quantities of which each one can
assume either of the two values 1, -1,

Let the indicated parameters take on some fixed values @y = agg, (s = 1, 2, ..., 1)
and let us denote by Ko {19, -+, @no} the set of ail those points (¢, 7y, ..., Z,)< h
for which none of the coordinates z, == 0 and

Sign xr, = oy (s=1,2,...,n) (2‘)

We shall say that the numbers o4, ..., %, themselves form the basis of the region
K, under consideration,

The set 0 {@y9, ..., Qno} of all those boundary points of the region Ko {®19, --+»

«ees Oing} for which one or several coordinates z; = () shall be called a side surface
of this region and we set

K {aIOV ey C(,no) = KO {alo, ooy ano} U g {(110, ooy ano} (3)
If the domain % is defined by the inequalities
t >0, I}z f| <Too (4)

then the set K {a;9, ..., ®,o} associated with some basis {ct;,} is a "cone".

Definition 1, We say that the right sides of system (1) in the domain K {ct,,..,
...; Opo} "have the property of preserving the signs of the elements of the basis {aso} "
if the following inequalities are fulfilled at the points of the side surface ¢ {@1gs ++-s

ceer Gnod P g f (f a2, 02y, L 1) >0 (5=1,2, ..., n) (5)
Definition 2. let V (¢, zy, ..., ;) be some Liapunov function, We call this
function "positive-definite" in the domain K {C1q, .-.» @no} if there exists a function

® {(Z1, ... x,) independent of ¢ and positive-definite in the domain % such that the
inequality » > © is fulfilled at all points (¢, &1, --.. Zp) &= K {@yqy +vry %no}e
The proof of the following statement is similar to the proof of Lemma 4,1 in [1].
Lemma 1, Let the right side of system (1) in the domain K {04, ..., Gtpno} have
the property of preserving the signs of the elements of the basis {ot5}-
At least one solution of this system which for all ¢ > ¢, either remains within the
domain K {@g, ..., Qnp} or can leave it only by way of points of the surface
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t >0, lz]] = 4 ()
then passes through any point (4, Zygs ...y Tng) & Ko {Q1gs -y Xno}

Lemma 2. If the conditions of Lemma 1 are fulfilled, if the domain /4 is defined
by inequality (4), and if the solutions of system (1) are unique, then the corresponding
domain K {09, ..., Qno} is a positively invariant set for this system.

For example, in the case of the system of linear equations

defdt =P, () z1+ ..+ Py ()2, (5= 1,2,..,m (1)

with continuous coefficients the domain K {o,, ..., &y} is a positively invariant set if
the basis {o 4} and the coefficients of the system are related by the expressions

Prslsoio=>0 for sk (s, k=1,2,...,n) )

for all values of ¢t > 0,

It is easy to see that the cone K {— a,,, ..., — @y} is also a positively invariant set
in this case.

Specifically, if psx () > 0 for s == k, then system (7) has the two positively invariant
sets K {1,1,...,1}and K {—1, — 1, ..., —1}; this result agrees with [1].

We note that fulfillment of the conditions of Lemma 1 means that the corresponding
domain K {ot;qy ..., Qno} is a sector [2],so that this lemma can be used to construct
certain criteria of instability,

For example, we have the following theorems,

Theorem 1, Let the right sides of system (1) in the domain K {a;q, ..., Gno}
have the property of preserving the signs of the elements of its basis, and let the inequa-

lity o )
D g0 Afy (6 21,y z) M)W (2, %)
=1

where

t
A (L) >0, lim \A (1) dt = o0
fob 3 b

be fulfilled at points of the domain K {a,q, ..., Qing} for certain real constants A,,..,
ve., An among at least one A5 >> 0., The function W in the above inequality is
positive-definite in the domain in question,

The zero solution of system (1) is then unstable.

Theorem 2. Let the elements of some basis {cr;y} and the coefficients of system
(7) be related by expressions (8) for ¢t >> 0,

The existence of real constants ¢, ..., Cp(at least one of which is a number ¢; larger
than zero) satisfying the inequalities

n

2 P (e + pus(t)ea > F (1) >0 (s=1,2,...,n) (9)
k=1

(k743) '

lim { F (1) dv = oo

.
(=20 4

where

then implies that the zero solution of the system in question is unstable,
Theorem 3. If the elements of some basis {®sq} and the coefficients of system
(7) satisfy inequalities (8) for ¢ 2> O and if the relation
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t
lim { p,, () dv = 0o (10)
t—+0 b

is fulfilled for at least one of the diagonal coefficients p,, (f) of this system, then the
zero solution of system (7) is unstable,

These theorems can be readily proved with the aid of Liapunov functions expressed as
certain linear forms,

For example, to prove Theorem 3 we can set

v =10,z exp (-—-ip" (v) dt) 1)
0

The function v is then larger than zero at the points of the set Ky{aq, ..., %pe}, and
its total derivative in the domain K {ot, ..., %o} satisfies the inequality

t
v =a exp (-«-«Sp‘ss (r)dr ) Pa@® ot .t p oy (B) 2, +

0
+ ps, s+l (t) Zsny + - + Psn (t) zn) > 0

by virtue of system (7).

Thus, all of the conditions of a certain theorem on instability with a sector formulated
in [3] are fulfilled for the systern just considered here,

Now let us consider the system of linear differential equations

dxs/dt :psﬂx‘i‘--- . +psn$n G=1,2,...,n) (12)

whose coefficients are real constants,

Lemma 3, Letthe coefficients of system (12) and the elements of some basis {aso}
be related by expressions (8).

Then all the roots of the secular equation

det || pox — Ay || = 0 (13)

have negative real parts if and only if all the numbers &,, ..., b, determined from
the system n
2 Prstgoby = — 050, s=12,...,n) (14
k=1
are positive for all positive ay, ..., ap
Necessity, Let all the roots of Eq, (13) have negative real parts, Then the deter-

minant of system (14) A=aug... o det | p,, |0
8
Let us set

n
v{z, .., T )= 2 ba o,
LS

From (14) it follows that none of the numbers b5 == 0. Let us assume that at least one
of the quantities b; <C 0. Then the function v would satisfy, by virtue of system (12), all
conditions of Liapunov's first instability theorem at pointsof positively invariant set
K {t10, - » @ne} while the null solution of this system is asymptotically stable,

Sufficiency and the following lemma are proved analogously.

Lemma 4, Let the coefficients of system (12) be such that inequalities (8) are
fulfilled for some basis {9} and det || psx || == 0.
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Equation (13) then has at least one root with a positive real part or roots with real
parts equal to zero such that the number of groups of solutions corresponding to these
roots is smaller than their multiplicity if and only if there exists at least one negative
number b, determined from system (14),

If relations (8) are fulfilled, the system (14) can be written as

Z | Prs [ bk + Posbs = — @5 (s==1,2,...,n) (19)

k=1
(ks)

The above lemmas readily yield several theorems on stability and instability for the
system of equations

dzy [ dt = pa®1 (6 21, --es Za) + oo + PanPn (& Z1y vy Za)
(s=1, 2, . B) (16)

where p,p are real constants, where the functions ¢, are continuous in h, and where
¢ (¢ 0, 0, ..., 0)= 0.
Theorem 4. Let the following conditions be fulfilled in the domain K {@1qs -+
cess O}t
1) the right sides of system (16) have the property of preserving the signs of the
elements of the basis {as};
2) for certain positive constants 44 ..., 4n,

2 AsasO(\os (t, Ty..iy xn) >}" (t) W(t’ Lyy ooy xn) (17)
§==1
where

A (1) >0, Iimgk(t)a’t = oo
{00
0

and W is a positive-definite function in the domain K {19, ---» Cnoti
3) the elements of the basis {ocso} and the coefficients of the system are related
by expressions (8),

If Eq. (13) does not have roots equal to zero but has either at least one root with a
positive real part or roots with real parts equal to zero such that the number of groups
of solutions corresponding to these roots is smaller than the multiplicity of the latter,
then the zero solution of system (16) is unstable,

To prove the theorem we determine the constants By, ..., B, from the system of equa-
tions "
DV Prstho = %o, (s=1,2 .. n) (18)
K=l
and set ”
V(z1, .., z,) = Z B oz, (19
§=1

Lemmad4ir plies that at least one of the numbers B, > 0, so that the form ¥ is able
to assume positive values in the domain K {%q, ---» @ne} ; moreover,

n
\T 9
VI Z, ag A, @t 24500, 2,) 20 (20)
s 1
at the points of this domain,
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Let us suppose that the zero solution of system (16) is stable, Then for any number
€ >0 (e < 4) there exists a number §>> 0 such that none of the integral lines of sys-
tem (16) which lie on the sphere |z =& for = 0 reach the sphere || z{| = & for
anyt>0,
Let us choose a point (0, zy, ..., 2;) € Ko{@19y ., %no} oOn the sphere [ z}] = § such
that V> 0 and consider the integral line of system (16), namely
zg, = ug (t) (s=1,,2, ., 1) 21

which passes through this point and (by Lemma 1) does not intersect the side surface
0 {Ogs +++» o} for any ¢ > 0. We infer from (20) that the integral line in question does
not have points in common with a certain sufficiently small neighborhood &, of the
origin defined by the inequalities ¢t > 0, || z || < &, (0<a < §). But the function
W (Z, 2y, ..., 24) 2> B > 0 (where B is some sufficiently small number) at the points of
the set K {oy, ..., %po}\g. This implies that the inequality
¢
V(1 (8)s oy (0) SV (@20, v 2,9) +B {2 (0 2w
0
must be fulfilled along solution (21) for all ¢ >> 0, The latter inequality is definitely
invalid for sufficiently large ¢.
Let us be given a system of equations

dry)dt = Py (Tye . ooy Tp) oo o+ Pen®n 1y - - 1 Tn) + Ry (2, .. ., 20)
s=12,...,n) (22)
where P,p, are real constants, (, are polynomials in the quantities x,, ..., xz, of degree
not higher than N > 1, and g, (0, ..., 0) = 0; the functions R, can be expanded
in some neighborhood of the origin in powers of &1, ..., Zn(the leading terms of the
series are of order not lower than N + 1),

Theorem 5, Let the right sides of system (22) in the domain K {1, ...y %no}
have the property of preserving the signs of the elements of the basis {&so} and let
them satisfy the following conditions:

1) the function n
U (331, o eey -??n) = 2 Aa“so(ps (xl‘ .oy xn) (23)

s=1

is a positive~definite form in the domain K {@,, ..., @y} for some positive con-
stants Ay, ..., 4,,

2) the coefficients p,, and the elements of the basis {050} are related by expres-
sions (8).

Then, if det || psx || &= O and if Eq. (13) has either at least one root with a positive
real part or roots with real parts equal to zero such that the number of groups of solu-
tions corresponding to these roots is smaller than their multiplicity, then the zero solu=-
tion of system (22) is unstable,

We can prove this theorem simply by noting that by virtue of system (22) the total
derivative of the linear form (19) is a positive~definite function at the points of inter-
section of the set K {ay,, ..., @,,} with some sufficiently small neighborhood of the
origin,

Theorem 6. Letthe functions ¢, in the domain A satisfy the conditions
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@, (£, Zyy . . ., Ty) SiED T, >0 (s=1,2,..,n) (24)
The existence of positive constants 4y, ..., A, satisfying the inequalities
n
2 lpkﬂlAk+Aspss\<0 (3:1, ?.,...,ﬂ) (25)
k=1
(k8)
then implies that the zero solution of system (16) is stable,
In fact let us set n
V(21 .., 2,) = Z A, (z,] (26)
=1
It is easy to see from system (16) that
n n
V<< Z (Z | Py | A, +p,, As);(ps(t,zl,..., z,)signz <0 27
s==1 k=1

which proves the theorem,

We note that relations (25) are strict inequalities when the coefficients p;pand the
elements of some basis {a,,} are related by expressions (8) and that all the roots of
Eq, (13) have negative real parts,

We also note that Theorem 6 is a modification and refinement of a certain theorem
on stability formulated in our paper [4].

The following criterion of asymptotic stability is analogous to Theorem 6 and is closely
related to one of the theorems of [5].

Theorem 7. If fulfillment of the conditions of Theorem 6 turns expressions (25)
into swict inequalities and if the function

U(t, 2y, ..., ) = D) @ty 21, . . .. T,)SigN T, (28)
8=1
is positive-definite, then the zero solution of system (16) is asymptotically stable and
uniform in £y and Zg.

Let us consider two corollaries of this theorem,

Corollary 1, Let system (22) be such that the functions @, (2, ..., z,) satisfy
conditions (24). If the expression n

D(xy,...,%,) = Z Qs (Tyy . . ., Ty)SigD T, (29)
s=1
is a homogeneous positive~definite function and if relations (25) are strict inequalities
for some positive 4,, ..., A, ,then the zero solution of system (22) is asymptotically
stable,

Corollary 2. Let the domain of definition A of the right sides of system (16) be
given by inequalities (4).

If all the conditions of Theorem 7 are fulfilled in this domain, the zero solution of
system (16) is asymptotically stable in the large and uniform in 7, and Zsq.

We note that by virtue of the system of differential equations under consideration,
function (26) in this case satisfies all the conditions of the theorem on uniform asymp-
totic stability in the large formulated in [6].

Finally, let us consider as an example the system of differential equations

dz /dt = p @1 (z1) + ... + Pin @,(z,) (s=1,2,...,n) (30)



The stability of solutions of systems of differential equations 215

where Pyx are real constants and @, (z;) are continuous and satisfy the inequalities,
9, (z,) signz, >0 for z,+0 (s=1,2,..,n) (31)
Let the coefficients of this system and the elements of some basis {a,} be related
by expressions (8), We then draw the following conclusions on the basis of Theorem 4
and Corollary 2 of Theorem 7:
1) The system under consideration is absolutely stable if and only if all the roots
of secular equation (13) have negative real parts,
2) Let fulfillment of the above assumptions concerning the right sides of system
(30) imply that det || p, 1}l 5= 0. The zero solution of this system is then unstable for any
chosen functions @, (z,) satisfying inequalities (31) if and only if: (a) there exists at
least one root of Eq, (13) with a positive real part, or (b) there exist roots of this equation
with real parts equal to zero such that the number of groups of solutions corresponding
to these roots is smaller than their multiplicity,
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ON THE STABILITY OF TRIANGULAR LIBRATION POINTS IN
THE ELLIPTIC RESTRICTED THREE-BODY PROBLEM

PMM Vol, 34, N2, 1970, pp,227-232

A, P, MARKEEV
{Moscow)
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The results of a study of the stability of the equilibrium position of a nonautonomous
Hamiltonian system with two degrees of freedom are presented, The parametric reso-
nance domain for the libration points is determined to within the first power of the
eccentricity, Formulas for computing the characteristic exponents are derived, The
resonance values of p and e for which the libration points can be unstable inside the
stability domains are determined.

1. Let us consider three material points which attract each other according to New-
ton's law, Let the points S and J of masses m, and m, move relative to their common



